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Abstract
Light (u, d and s) quark matter containing charm impurities is studied. These impurities, which
induce a Kondo phase, are added to the Lagrangian density following Ref. [1] and the equation of
state (EOS) is then derived. The effects of the Kondo phase on the mass-ratio relations of quark
stars are examined by solving the usual TOV equations.
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I. INTRODUCTION
A long standing question in the theory of compact stars [2–10] is: Are there quark stars?
This question has been around for decades and it has received a renewed attention after the
appearance of new measurements of masses of astrophysical compact objects [11–13].These
measurements suggest that stellar objetcs may have large masses, such as (1.97± 0.04)M⊙
[11], (2.01 ± 0.04)M⊙ [12] or even (2.4 ± 0.12)M⊙ [13]. In principle larger masses imply
larger baryon densities in the core of the stars and we expect very dense hadronic matter to
be in a quark gluon plasma (QGP) phase. On the other hand, most of the equations of state
based on quark degrees of freedom are too soft to support heavy stars. The existence of
quark stars depends ultimately on the details of the equation of state of cold quark matter.
According to most models, deconfined quark matter should be formed at baryon densities
in the range ρB = 2ρ0–5ρ0, where ρ0 is the ordinary nuclear matter baryon density. Since
at low temperatures and high baryon densities we can not rely on lattice QCD calculations,
the quark matter equations of state must be derived from models. Many of them are based
on the MIT bag model [14] or on the Nambu-Jona-Lasinio (NJL) model [15]. At very high
baryon densities there are constraints derived from perturbative QCD calculations [8–10, 16].
The description of cold quark matter is not unique and it may (or may not) contain specific
QCD features such as color superconductivity, diquarks, or a Gribov-Zwanziger phase [17].
One of these QCD features is the QCD Kondo effect. Recently [1] the Kondo effect has
been studied in the context of quark matter. In [1] it was pointed out that the Kondo effect
occurs when a system has i) heavy impurities, ii) a Fermi surface of fermions, iii) quantum
fluctuations, and iv) non-Abelian interactions. All these features are present in a dense and
cold light quark system with some heavy quarks as impurities. This kind of quark matter
was called Kondo phase in [1] and its existence in the core of dense stars may change the
thermodynamic and transport properties of the stellar medium. In compact stars the heavy
impurities are charm quarks in low concentration. Charm can be produced in strange quark
stars by neutrino interactions. A constant neutrino flux traverses the star. During their
interactions with quark matter, neutrinos emit a W+ (νe → W
+ e−), which is absorbed by
an s quark (or to a lesser extent by a d quark), which turns into a charm quark (W+ s→ c).
After being produced the c quark can decay back to an s quark but Pauli blocking will reduce
the efficiency of this reaction. How the system reaches chemical equilibrium and what is
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the final number of charm quarks is very model dependent. However it is conceivable that
some finite amount of charm will always be present in the star and this may be enough to
generate the Kondo effect and the Kondo phase. In early works the QCD Kondo effect was
studied with the perturbative renormalization group equation obtained at the one-loop level
[18]. In [1] the ground state of the quark matter with heavy impurities was investigated
with a non-perturbative mean field approach. The authors used a simplified version of the
Nambu-Jona-Lasinio model, given by the following Lagrangian density:
L = ψ¯i/∂ψ + µψ¯γ0ψ + Ψ¯i/∂Ψ−mQΨ¯Ψ−Gc(ψ¯γ
µT aψ)(Ψ¯γµT
aΨ) (1)
where ψ and Ψ represent the light and heavy quark fields respectively. In the heavy quark
limit the latter can be replaced by Ψ → Ψv =
1
2
(1 + /v) eimQv·xΨ, where v is the velocity of
the heavy quark. The coupling strength Gc is taken to be positive so that the interaction
reproduces the attraction in the color anti-triplet channel mimicking the property of the
one-gluon-exchange interaction. The parameter values are taken from the usual Nambu-
Jona-Lasinio (NJL) model (for Nf = 2): Gc = (9/2)2.0/Λ
2 and Λ = 0.65 GeV. They are
determined by reproducing the quark condensate and the pion decay constant in the vacuum.
For simplicity, flavor indices are not explicitly written for the fields ψ and we assume that
they have the common chemical potential µ. In Ref. [1] it was assumed that the heavy quarks
are distributed uniformly in space and the density is sufficiently large so that the averaged
distance between heavy quarks is smaller than the coherence length for the QCD Kondo
effect. The above Lagrangian is treated in the mean-field approach and the four-quark term
appearing in (1) can be factorized, giving rise to condensates such as, for example, 〈ψ¯Ψv〉.
In momentum space the (bilinear) mean-field Lagrangian appears as follows:
LMF = ψ¯/kψ + µψ¯γ0ψ + Ψ¯vv · kΨv − λ(Ψ
†
vΨv − nQ) + ∆Ψ¯v
1 + γ0
2
(1 + kˆ · ~γ)ψ
+∆∗ψ¯(1 + kˆ · ~γ)
1 + γ0
2
Ψv −
8
Gc
|∆|2
(2)
where the term with the Lagrange multiplier λ was added to include the constraint of number
conservation of the heavy quarks and nQ is the heavy quark density. This constraint is
necessary because the heavy quark number density should be conserved on average in the
mean field. Note that λ can be regarded as the energy cost for putting a heavy quark into
quark matter similar to the chemical potential. The quantity ∆ is a number associated with
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FIG. 1. (Left) Phase diagram of the Kondo effect, the Kondo phase is characterized by |∆| 6= 0 at
given values of λ and µ. (Right) Transversal cuts at constant µ
the gap function, which is defined as:
∆δα =
Gc
2
〈ψ¯αΨvδ〉 = ∆
(
1+γ0
2
(1− kˆ · ~γ)
)
δα
(3)
II. THE EQUATION OF STATE OF THE KONDO PHASE
From the Lagrangian (2) we can derive the Landau potential, which is given by [1]:
Ω(T, µ, λ) =
NcNf
π2
∫ Λ
0
k2 f(T, µ, λ, k) dk +
8Nf
Gc
|∆|2 − λNf nQ (4)
with f being
f(T, µ, λ, k) = −T log
(
exp
(
−E−(µ,λ,k)
T
)
+ 1
)
− T log
(
exp
(
−E+(µ,λ,k)
T
)
+ 1
)
(5)
E− and E+ are the real parts of the Bogoliubov eigenenergies, which are
E±(µ, λ, k) =
1
2
(
±
√
(k − λ− µ)2 + 8 |∆|2 + k + λ− µ
)
(6)
The expression for the number density of heavy quarks in presence of the chemical potential
λ at non-zero temperature is
nQ(T, µ, λ) =
Nc
π2
∫ Λ
0
k2
∂f(T, µ, λ, k)
∂λ
dk (7)
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FIG. 2. Kondo EOS. Pressure as a function of the energy density in the range of µ from 0.3 GeV
to 0.6 GeV for values out and inside of the kondo zone, delimited at µ = 0.3 GeV, by the interval
between λmin and λmin. At λ > λmax there is a jump (discontinuity) in the energy density at some
low transition pressure. The plateau in the panels for λ = 0.04 GeV marks the end of the free Fermi
gas phase and the beginning of the Kondo phase (with non-zero gap |∆|).
This is determined by the equation ∂ Ω(T,µ,λ)
∂λ
= 0. In the zero-temperature limit, (4) reduces
to the following form:
Ω(µ, λ)
NcNf
= −
λ
π2
∫ Λ
0
k2
∂f0(µ, λ, k)
∂λ
dk +
1
π2
∫ Λ
0
k2 f0(µ, λ, k) dk +
8
GcNc
|∆|2 (8)
with
f0(µ, λ, k) = θ(−k − λ+ µ+ σ)E−(µ, λ, k) + θ(−k − λ+ µ− σ)E+(µ, λ, k) (9)
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where θ is the unit step function, and where we define σ =
√
(k − λ− µ)2 + 8 |∆|2. In the
calculations, the parameters were taken from Ref. [1], i.e., Nf = 2, Nc = 3, Λ = 0.65 GeV,
and Gc = 21.3 GeV
−2. In the Kondo phase, the pressure and energy density are given by
p(µ, λ) = −Ω(µ, λ) (10)
ε(µ, λ) = −p(µ, λ) + µnq(µ, λ) + λnQ(µ, λ) (11)
where nq is the number density of light quarks:
nq(µ, λ) = −
∂ Ω(µ, λ)
∂µ
=
NcNf
(
λ
∫ Λ
0
k2 ∂
2f0(µ,λ,k)
∂µ ∂λ
dk −
∫ Λ
0
k2 ∂f0(µ,λ,k)
∂µ
dk
)
π2
(12)
In the left frame of Fig. 1, it is shown the phase diagram of the Kondo effect as density
plot in the λ− µ plane at T = 0. For a constant value of µ, the value of the condensate ∆
acquires values different from zero as the density λ goes from negative to positive positive
values. In the right panel of Fig. 1, transversal cuts to the phase diagram, for µ = 0.30 GeV,
0.32 GeV, and 0.35 GeV are shown. Since at λ = 0, we have ∆ 6= 0 we say that the Kondo
effect is realized in the model. For the minimum light chemical potential examined, µ = 0.3
GeV, the Kondo region (∆ 6= 0) goes from λ = λmin = −0.0178 GeV, to λ = λmax = 0.036
GeV. As ilustrated in the right panel of Fig. 1, the system enters the Kondo phase trough a
second order phase transition at λmin and leaves the Kondo phase trough a first order phase
transition at λmax as λ is further increased.
The Kondo EOS are shown in Fig. 2, where we can see the pressure as a function of the
energy density as µ ranges from 0.3 GeV to 0.6 GeV at fixed values of λ. At λ > λmax there
is a jump (discontinuity) in the energy density at some low transition pressure. The plateau
in the panels for λ = 0.04 GeV marks the end of the free Fermi gas phase and the beginning
of the Kondo phase (with non-zero gap |∆|). In the free Fermi gas phase, the number density
nQ vanishes, while in the Kondo phase both nq and nQ are finite and positive. Increasing λ
makes the Kondo phase less prominent. This behavior could be anticipated from the analysis
of Fig. 4 of Ref. [1], where the thermodynamical potential exhibits the typical behavior of a
phase transition, changing suddenly from one minimum to another.
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FIG. 3. (Top) Solutions of the TOV system of for values of λ in the Kondo zone. (Bottom)
Correponding EOS. Because of the inhomogeneity of the Kondo phase diagram, none of the EOS
is monotonically harder of softer than other (bottom right smaller panels).
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III. STELLAR STRUCTURE
As usual, in order to describe the structure of a static (non-rotating) compact star, the
Einstein’s field equations are solved for a medium with an isotropic relativistic fluid and
in the case of a spherically symmetric metric tensor. Under these conditions, the Einstein
equations imply the TOV system which becomes an integro-differential equation for the
pressure, p, as a function of the radius, r. The system reads:
p′(r) = −
Gm(r) ε(r)
(
p(r)
ε(r)
+ 1
)(
4pi r3p(r)
c2m(r)
+ 1
)
c2r2
(
1− 2Gm(r)
c2r
) , m(r) = 4 π
c2
∫ r
0
s2ε(s) ds+m(0) (13)
where G is Newton’s gravitational constant and c is the speed of light. Choosing the di-
mensionless variables p˜(r) = p(r)
p0
, ε˜(r) = ε(r)
ε0
, and m˜(r) = m(r)
M⊙
, following [19], we have
computed, for several fixed pairs of input values (p0, ε0), the total stellar mass and then the
corresponding stellar radius for increasing values of the parameter λ. Natural units have
been adopted for all calculations. In top panel of Fig. 3 we present some solutions of the
TOV system of equations in the mass-radius diagram for values of λ in the Kondo zone.
As we know, the mass and the radius of the different families of stars depend on how hard
or soft the respective EOS are. In the bottom panel of Fig. 3 the correponding EOS are
shown. Because of the inhomogeneous character of the Kondo phase diagram (Fig. 1), none
of the EOS is monotonically harder or softer than the other. For example, as illustrated by
the smaller panels of enhanced resolution, the EOS for λmin and λ = −0.0011 GeV are the
hardest at low pressures leading, as illustrated in the top panel of Fig. 3, to the families of
stars with the largest masses and ratios. Nonetheless, those same EOS are the softest of all
in the high pressure regime. In this case how hard or soft an EOS is at low pressures, is the
most relevant fact in determining how large or small its masses and ratios will be.
IV. CONCLUSIONS
We have evaluated the equation of state derived in Ref. [1] at large baryon densities,
where deconfined quark matter should exist. We have applied this equation of state, which
contains heavy quark impurities and has a Kondo phase, to the study of quark stars. Solving
the traditional TOV equations and computing the mass-radius diagram, we find that none
of EOS examined is monotonically harder or softer than other. However, how hard the EOS
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are at low pressures is the most significant ingredient in determining the how much larger
the mass-ratio relations of the corresponding family of stars is going to be in respect to the
others.
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